Propagation of a dark optical soliton is investigated in the neighborhood of the zero-group-dispersion wavelength. Analytical results are obtained in the small-amplitude limit when the soliton is described by the Korteweg-de Vries equation. It is predicted that dark solitons may exist near the zero-group-dispersion point, and the region is found where they are unstable and may be transformed into bright solitons on a pedestal.
The possibility of using (bright) soliton pulses as information carriers in optical communication systems has attracted considerable attention after it was shown theoretically and experimentally that solitons can propagate in single-mode optical fibers without dispersion broadening (see Ref. 1 and references therein). Recent experimental achievements 2 demonstrate the possibility of real applications in the construction of soliton-based communication networks. In communication systems it is desirable to work near the zero-group-dispersion (ZGD) point, 3 where the second-order dispersion is zero, because there the power required for creating bright solitons is significantly lower. Although exact analytical solutions describing the soliton propagation near the point are not available, numerical 4 and perturbative 3 ' 5 methods have explained the main features of pulse propagation near and at the ZGD point in the anomalous-dispersion regime. In particular, it was shown that bright solitons may exist near the ZGD point but not at it.
Meanwhile, dark solitons have also drawn the attention of several research groups. They are stable localized excitations of a cw background in the normally dispersive, nonlinear medium, and these solitons also have been observed experimentally in optical fibers 6 -8 (temporal dark solitons) and laser beams 9 (spatial dark solitons). Additionally, the results of Ref. 10 indicate that dark-soliton propagation may be possible in nonlinear waveguides, and, probably, such a propagation has been observed experimentally." 1 Of course, dark solitons cannot be so useful as bright ones for optical communications, but they give an example of nonlinear dynamics in an opposite situation, i.e., when bright solitons do not exist. Moreover, some experimental results on nonlinear dynamics in normally dispersive optical fibers (see, e.g., Ref. 12) may be treated with the help of dark-soliton phenomenology. Therefore, dark solitons may also be considered as interesting objects in which to study nonlinear dynamics in normally dispersive optical media.
In this Letter it is demonstrated that dark solitons may exist near the ZGD point, and a region of the group-velocity dispersion is predicted where a new type of optical soliton, the so-called bright solitons on a pedestal, may exist. To obtain these results, the analytical approach recently developed in the author's paper' 3 (see also Ref. 14) is used, considering, for definiteness, dark solitons in optical fibers.
Using the slowly varying envelope approximation (see, e.g., Refs. 1 and 3), we may find that the pulse envelope amplitude 4b(x, t) of the electric field in the neighborhood of the ZGD point satisfies the dimensionless generalized nonlinear Schr6dinger equation,
Here the following notation is used:
where k is the propagation wave number, kn = Okn/Oon, n = 1, 2, 3, n 2 is the Kerr coefficient, wo is the carrier frequency, and T is the pulse duration.
In the case f = 0 and a > 0, Eq. (1) is exactly integrable and it has stable soliton solutions in the form of localized dark pulses propagating on the modulationally stable cw background lul = uo = const.
The one-soliton dark pulse is
1+expZ
where
v is the amplitude parameter (v 2 < 1) and so is a constant initial phase. At X = 0 the solution [Eqs. (5) and (6) 
which propagate in opposite directions.
To discuss the dark-soliton dynamics in the neighborhood of the ZGD point, i.e., at A id 0 in Eq. (1) (9) [cf. Eqs. (7) and (8) The method to solve the system (10) and (11) is described in Ref. 13 . The main idea of the approach is to use new (slow) variables, (16) with K being an arbitrary parameter related to the KdV soliton amplitude. Comparison of Eqs. (16) and (13) with Eqs. (7) and (8) leads to the simple relation eK = VUo, which is valid exactly at 3 = 0, v being the darksoliton amplitude used in Eqs. (7) and (8) It is important to note that Eq. (15) and the soliton solution (16) depend on the sign of the velocity C. In particular, it means that dark solitons propagating in opposite directions are different, i.e., they have different parameters (different energies) at the same value of the velocity. Moreover, to be a dark soliton, the solution (16) has to correspond to a negative amplitude [cf. Eqs. (9) and (16)]. This is not valid for C < 0 in the region o<4, (17) when the dark soliton (16) changes its sign and is transformed into a bright soliton on a pedestal instead of the dark one (see Fig. 1 ), the pedestal being the cw background that is stable in this case, too.
For the opposite case, when a3/ 2 << fluo, the dark soliton exists and is described by the function with e being an arbitrary small parameter connected with the soliton amplitude, and to present the wave fields a(r, z) and k(r, z) in the form of the asymptotic series in the same small parameter e, a = e 2 a 0 + e4a 1 +.. ., = eO + e 3 o +... (13) The parameter C is the limit velocity (in the s space) of linear waves propagating on the cw background,
Substituting Eqs. (13) into Eqs. (10) and (11) and using the variables (12) corresponding to different types of optical soliton on the cw background for C < 0. The arrow indicates a possible transformation of a dark soliton into a sequence of bright solitons.
e -\J,--vanishes at some point of the fiber, say, z = zo. Then, if the fiber's parameters are slowly changing so that the coefficient increases as it passes the point a3/ 2 /flUo -1 (see the arrow in Fig. 1 ), a dark soliton decays, producing a set of bright solitons on a pedestal, i.e., dark solitons of opposite signs. This effect follows directly from the reduction of Eq. (1) to the KdV equation (15) : the problem for the KdV equation has been investigated numericallyl 6 and analytically. 17 In particular, the quantity of bright solitons generated owing to a decay of the dark soliton passing the critical point z = z 0 may be estimated analytically.' 7 A similar transformation is possible when the coefficient (1 + BC/2a 2 ) passes the point z = zo, which decreases its value. In this case a bright soliton on a cw background will be transformed into a set of dark solitons that may exist in the region 0 < a3/2/hlio < 1 (see Fig. 1 ). It is important to note that such transformations are not possible in the vicinity of the second critical point a3/2/ 3uo = 4, where the linear dispersion coefficient in Eq.
(15) changes its sign: a soliton simply decays as it passes the point.1 7 In conclusion, with the small-amplitude approximation the dark-soliton propagation near the zero-groupvelocity dispersion has been studied. The results may be briefly summarized as follows: (i) Dark solitons exist as stable solutions near the ZGD point, and, in particular, in the small-amplitude limit they 
